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An optimal guidance law for missiles with time-varying velocity is investigated. The closed-form solution is
derived and properties of the key variables of the solution, such as a time-to-go-like function and the time-varying
guidance gain, are studied. Implementation aspects related to the computations of time-to-go and the guidance
gain also are considered. Simulation studies show that the performance of the proposed guidance law is superior
to that of proportional navigation or augmented proportional navigation.

Introduction

PTIMAL homing guidance laws have been studied extensively

for many years in an attempt to replace the well-known pro-
portional navigation guidance (PNG) law that is still widely used in
various forms for practical homing missile applications. Most opti-
mal guidance laws (OGLs) have been derived from linear quadratic
optimal control theory to obtain feedback-form solutions, and many
of them take target maneuver into account to cope with highly ma-
neuvering target scenarios.

On the other hand, we find only a few papers that explicitly con-
sider missile velocity variations in deriving OGLs. Green et al.!
studied the game-OGL for a coasting missile with a parabolic drag
polar, Nazaroff? solved a linear quadratic optimization problem for
a missile with longitudinal acceleration and jerk, but did not look
into the characteristics of the resulting guidance law. When we turn
our attention to a related problem—time-to-go estimation—we find
some papers, such as those by Riggs® and Hull et al.,* that con-
sidered some particular types of missile longitudinal acceleration
history during engagement. We also note a recent paper of Baba
et al.,> where they studied a new guidance law, accounting for mis-
sile velocity changes during boost and coasting phases. Their result,
however, is not based on an optimal guidance problem but on the
philosophy of nullifying the line-of-sight (LOS) rate deviation from
the one expected for the trajectory along the collision triangle.

We derive an OGL for a missile with an arbitrary velocity profile.
It turns out that the resulting law can be put into the same form as the
one for constant-velocity missiles. The difference is that our OGL
has a time-varying guidance gain N (¢) and uses a f,, (time to go)-
like function #,(¢), in which the effect of the future missile velocity
change is taken into account. Some efforts then are devoted to the
study of the properties of these two guidance variables. Implemen-
tation aspects and some simulation results also are presented.

OGL

Consider the guidance geometry shown in Fig. 1. With respect
to the reference line, o,, and o, denote the flight-path angles of the
missile and the target, respectively. Let o; be the initial launch angle
or flight-path angle for the perfect collision path that remains fixed
during missile guidance. The deviation of the missile flight-path
angle from o, is defined by Ao, = 0, ~0o . The commanded missile
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acceleration is assumed to be normal to the missile velocity vector.
The equations of motion for the homing problem then are given by

z2(t) = V,(t) sino, (t) — V,,(¢) sin o, (¢)

Vi (£)0 (1) = u(t)

where z denotes the relative position from the reference line, V,, is
the missile speed, and u is the magnitude of missile acceleration.
We further assume that 1) V;, V; and o, 6; are known, 2) Ao, is
small, and 3) V,, and V,, = A,, are given.

Under these assumptions, we linearize Eqs. (1) about z = 0 and
o, = o to obtain

z(t) = V(1) sing, (1) — V,,(t) sinoy, — V,,(¢) cos oL Ao, (1)

M

_ @
V() AG, (1) = u(f)
Define
V., = V,;sing, — V,, sino, — V,, coso, Aoy,
Vi d .
a= V,; a, = E(V’ sinoy;)
Then Egs. (2) are equivalent to
z2() = V(0

3

V.(1) = a@) V. (1) — a(®)V,(t) sin o, (8) — u, (1) + ar: (1)

where 1, = u cos . Now, the objective is to find u, (¢), minimizing

J lf'f[ OP dr
= - uz
2 0

subject to the terminal constraint z(¢;) = 0.

“)

intercept point

missile

Fig. 1 Homing geometry.
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The solution of the optimal control problem posed in Egs. (3) and
(4) can be obtained in a straightforward manner® and is given as

u.(t) = BT FOIG ()] {F%)[ oo }

V()
! FT 0 d 5)
TSl v sine s s |© (
where

) 1

F@y=—-AT(OF©), F(ty) = [ 0] (6
tr

G(t)-———/ FT(s)BBT F(s)ds (7

and

A_o 1 5 0
@ = 0 a®) |’ S

The preceding equations are solved to give

1
F() = [W)]

s
Gt)=— / 2syds  (@®)

where
! Vin(s) ds
() = W )
and therefore
_ L)
u,(t) = GO [Z(l)+tg(l)Vz(t)

- / ’ a(s)t,(s)V,(s) sino,(s) ds + / ’ to($)ay, (s) ds] (10)

Equation (10) can be put into the form
N()
15 (1)

where ZEM denotes the zero effort miss and the guidance gain N ()
is defined as

u,(t) = x ZEM(t) (11)

AR
G@) [V 12(s)ds

The guidance law of Eq. (11) takes the same form as the OGL
for constant missile velocity cases, but #, (¢) instead of #,,(2) is used
here to define N (¢). If we define 1,, =1, —t and use f, = —1 —at,,
then

N@=- (12)

'
/ 1,()a, (s) ds = [ty () V;(s) sin oy ()],
t
i
— / [—1 —a(s)t(s)]V,(s)sino, (s) ds
i
= —t,(O)V, (1) sino,(t) + / V. (s)sino,(s)ds

ty
+ / a(s)t,(s)V,(s)sino,(s) ds

so that ZEM can be expressed as
ZEM(t) = z(t) + t, () V(1) — 1, (1) Vi (£) sin oy (£)

1y
+ f Vi(s)sino; (s)ds = z(t) + £, () V. (t)

trops
—'[tg(t)~tg()(z)]‘/r(t)5ingr(t)+// a,z(v)dvds

Now, using V, ~ V, sino, — V,, sino,,, we have
tf ¥
ZEM = z-+ty, Vot (tgo—1,) Vi sin 0,,,+f / a;;(v)dvds  (13)
t t

Note that the OGL with the ZEM given by Eq. (13) is similar to that
of augmented proportional navigation (APN) for intercepting an ac-
celerating target. The only difference is the additional term (¢, — £,)
Vi sin o, in Eq. (13), which accounts for the missile velocity vari-
ation. In fact, the longitudinal acceleration of the missile can be
treated as a target acceleration in the opposite direction; thus, the
equivalent target acceleration along the z axis is —V,, sin 0,,,. With-
out control effort, o,,, (¢) remains constant. Hence, an additional term,
which should be included in the ZEM of APN, is calculated as

tf K
- ] / V,.(v)sino,, (v) dvds
f.,' &y .
—[// Vm(v)dvds] sin g, (1)

(zgo - tg)Vm (t) Sin Om (t)

which is just the additional term in Eq. (13). Note, however, that the
guidance gain N(¢) in Eq. (12) is different from that of APN; the
effect of the missile axial acceleration also is taken into account in
N(@).

The optimal control u, can be expressed in terms of the costate
() as u, (1) = —BT A(r). Also, the costate of this problem is given
by A(t) = F(t)v, where v is a constant parameter.® Hence, we
obtain

u () = vfa(t) = vi(r) (14)

As can be observed in Eqs. (10) and (14), the parameter ¢, (¢) plays
a key role in studying the OGL of missiles with varying velocity.

To gain an insight into the significance of N(t), consider the case
of a stationary target. Assuming small LOS angles, we have

o =2z/R (15)

Furthermore, o,, — o is assumed to be small, so that R=-— Vs, and,
therefore, R = V,,z,. Now, differentiation of Eq. (15) gives
—zR+:R  z+ Vi, ZEM

R* Va2 Va2

Therefore, the OGL can be expressed in terms of & as
u, = (N/12)ZEM = NV,,& (16)

Here, we observe that the OGL for time-varying missile velocity is
nothing but a PNG law with a time-varying guidance gain N ().

In the sequel, the relationship between #,(¢) and the missile ve-
locity profile is investigated in detail. Also, the effects of #,(¢) on
N (¢) are analyzed.

Characteristics of £,(f)
Recall that £,(¢) is defined by

L) = ,tf Vi(s)ds distance to go
AR Vi (t) - present missile velocity
Now define
t, (1)
() = =~
tgo(£)

We are to study the characteristics of ¢, by investigating the trend of
() in relation to the future missile velocity profile. We see that 17 (¢)
is the ratio of the area under the curve of V, (s), 1 < s < f; to the
area of the rectangle formed by V,,(¢) and ,,(¢). In the following,
we consider a class of velocity profiles that satisfies the assumptions
1) V,,(¢) is positive and continuous, and 2) A, (t) = dV,,(¢)/dt is
finite and piecewise continuous. Then, property 1, described below,
is an immediate consequence from the definition and assumptions.
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Property 1:

1) n(t) > 0.

i) lim, ., n() = 1.

iii) n(t) > 1 fort < t;if A, (s) > Oforalls € [7, £f].
iv)n() < 1fort <t;if A,(s) <Oforalls € [1, t;].
From the definition of 5(¢), we obtain

n=1[0—1/te] = (An/Vu)n a7

Backward integration of this equation together with V,,, = A, gives
a numerical solution for n(¢). The boundary conditions are given
by n(t;) = 1 and V,,(t;) = V;. However, we are more interested
in deriving some conditions that can be used to determine the trend

of n(r), specifically, the sign of 7(z), without direct computation of -

n(t). In this respect, we first note the following properties, which
can be seen easily from Eq. (17).

Property 2:

DHIfn(t) > 1and A, (t) < 0, then 7(¢) > 0.

i) If n(r) < 1and A4,,(¢) > 0, then n(z) < 0.

To derive more useful conditions, observe that for a given ¢, there
exists a constant-acceleration velocity profile defined over [¢, ],
denoted as V(s; 1), such that V*(¢; 1) = V,(¢) and

iy iy
/ V,f,(s;t)ds:/ Va(s)ds (18)

Let o™ (t) be the slope of V,;(s; ¢). The value of a*(¢) can be com-
puted easily from Eq. (18) as

o 2=V, (19)
tgo
Note that
a*t
=1 &0 20
n + . 20)
Property 3:

)Ifn() > 1and A, (t) = a*(t), then n(¢) < 0.

) If 3 < n(r) < 1and A, (1) < a*(t), then 5(t) > 0.
) If0 < n(t) < % and A,,(¢) = o*(), then 9(z) < O.
Proof:

i) Rewrite Eq. (17) as

=1 _am_ (Aw—a)n
= tgo Vi Vm

Substitution of Eq. (20) into the preceding expression gives

' o« ()4 %o (A —a)n
"=, Vi
Now, n(¢t) > 1 implies that «*(¢) > 0 [see Eq. (19)]. Hence, if
A, () > a*(t), then n(r) < 0.

ii) If% < n() < I, then «*(¢) < 0 and |a*te/ V] < 1 [see
Eq. (20)]. Therefore, if A,,(f) < a*(¢), then n(z) > 0.

i) If0 < n(t) < %, then a*(t) < 0 but a*ty,/V,, < —1. [This
case occurs when Vi (ts; 1) < 0.] Hence, if A, (1) > o*(¢), then
n(t) < 0. O

To compute «*(¢), we need to know n(¢). However, by using
the fact that the area under V¥ (s; t) is equal to that under V,,(s), a

mn
graphic approximation of V' (s; t) can be obtained without comput-

ing n(t).
Let Vi (1) and Vi, (¢) be defined by

Viin(f) = min V, ()

t<s=<ty

Vimax () = max Vi (8,
I

<y =t

Property 4:

D)) < 0if Ap (@) > [Viax (1) — Vi (1/ 250 (5).

i) (1) > 0if Ay () < [Vinin(t) — Vi (0)]1/ 150 (8).

Proof:

DIF AL ()10 (t) > Vi (£) — Vi (2), then A, (t) > 0 and

Vm(t) + Am(t)tgo(z) > Vmax(t) > Vm(s)s rss =< tf

Hence,

/ tf[v,,,(:) + A (Ot ()] ds > / ! Vi (s) ds
or
[Vin (1) + Ay (D150 (D]t (1) > Vi (D1, (1) = Vi (D10 (1) (1)
which reduces to
E=[(n—D/tepl = (An/Va) <0
Hence, if 7 > 1, then
n=10n—D/te] = (Ann/ Vi) = E — (An/Ve)(n — 1) <0

Also,if n < 1, then we apply property 2(ii) to obtain 7 < 0 because
A, > 0.

ii) The proof is similar to that of (i) and is omitted here. a

Let V,,(s; t) denote the tangent line of V,,(s) at s = ¢. Then,
the terminal value of the tangent line is calculated as V,, (is;t) =
Vi (1) + An (£t (¢). Hence, we observe that the conditions of prop-
erty 4 can be checked simply by comparing V,, {t;; 1) with Vinu (£,
or with Vi, (£), whereas those of property 3 are based on the com-
parison of V(¢;; t) and V,,(tf; t). An advantage of the conditions
of property 4 is that they do not require the value of n(r). Further-
more, the graphic analysis to determine the sign of 7(¢) is easier
with property 4 than with property 3. Applicability of properties 3
and 4 depends on the shape of the velocity profile from ¢ to #;.

In the following, we consider the characteristics of , (¢) for several
special cases:

1) Constant velocity: #, (1) = fy(£); thus n(r) = 1.

2) Deceleration attributable to aerodynamic drag: A fair approx-
imation of aerodynamic deceleration for supersonic conditions is
given by

Vi = —(1/7) Vs

where the value of 7 typically ranges from 8 to 10.7 By property
1(iv), we have £, (r) < t,,(¢) (or n{z) < 1). Also, property 4(ii) im-
plies that n(¢) is monotonically increasing. The explicit expression
of £,(¢) is obtained as

ty = 1:[1 — e‘“g“/’)]

3) Constant acceleration: Suppose that V,, = ¢, ¢ > 0. By prop-
erties 1(iii) and 3(i), we see that () is monotonically decreasing
to 1. The expression of r(t) for this case is already derived in Eq.
(20) as

2
ct?,
2V,

lg - tgo +

4) Typical velocity profiles: A typical missile velocity profile
consists of a boost phase followed by a coasting phase, as shown in
Fig. 2. In this figure, we assume that the intercept occurs during the
coasting phase. Here, tj denotes the initial time, ¢, the time at which

‘ equal arca

AT T /
V(1)

[11

'
'
'
'
'
'
'
1
'
‘
'
1
1
1
1
!
t

1 tho e t

Fig.2 Typical velocity profile.
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n{t) = 1, ty, the time at burnout, and ¢ the time of intercept, respec-
tively. The boost phase is approximated as a constant acceleration
flight, whereas the coasting phase is modeled as case 2, discussed
above. The characteristics of 7 (¢) during the coasting phase already
have been discussed in case 2; 7(¢) is monotonically increasing to 1
ast goes to ¢¢. Although the result of case 3 is not useful for the boost
phase, property 4(i) implies that 5 (¢) is monotonically decreasing
fort < t,,. Hence, it is clear that n(¢) takes its minimum at burnout.
This argument is generally true for single-booster missiles, and for
booster-sustainer missiles if the time delay between booster burnout
and sustainer ignition is sufficiently small. We can easily show that
the value of 7y, = n(ty) is bounded by

Vm(tf) 1
V) ™ " 2

1+

Vm (tbo)

Characteristics of N(t)

Recall that the optimal guidance gain for time-varying missile
velocity is given by

Vm(m] -

()
[¥ 2(s)ds

In this section, the relationship between n(t) and N (¢) isinvestigated
for an arbitrary velocity profile. Now define

NQ@) = n

Tmin (¢} = min n(s), Mmax(t) = max n(s)
rsssrf fﬁA‘Stf

Property 5:

D303 (1) /12, (1) < N@) < 3n°@)/n2, ()

ii) lim, _, ,, N(1) =3

Proof:

i) Note that for 1 <5 < 14,

12, ()Mo (1) < £2(5) = 12, ()N*(5) < oy ()M (1)

Hence,
13,0 (2)

L2 (1)
<
M) [ 12,(5) ds

(@) [V 12 (5)ds’

which reduces to
3n3(¢ I3t
—2’7() <N@) < f()
Nhax ®) Ninin ®)

if) As t goes to g, n(t) goes to 1 [see property 1(ii)]. Hence,
Tmax (¢) and 7, (¢) also approach 1. Therefore, by the inequality of
(i), we have lim, , ., N(z) = 3. O

Property 6:

i) If n(s) is monotonically decreasing in [z, ¢], then 35 (¢) < N(2)
<3n3(2) forany 1 € [, 1).

ii) If n(s) is monotonically increasing in [¢, ¢¢], then 3% () <
N(@) <3n() foranyt € [z, ty).

Proof:

i) If n(t) is monotonically decreasing, then 7, (f) = n(¢) and
min(#) = 1. Hence, by property 5(i), itis clear that 3n(t) < N(¢) <
3n%(1).

ii) The proof is similar to that of (i). 0O

In the following, we consider again the special cases treated pre-
viously:

1) Constant velocity: #,(¢) = 2,,(¢) and N {z) = 3, which is the
case of proportional navigation.

2) Deceleration attributable to acrodynamic drag: The guidance
gain N (t) is derived as

k3
N =
taf1/(1 = k)] — k — 3&*

wherek =1,/t = 1 —e'=/*. Note that 0 < k < 1 and that k monoton-
ically decreases to 0 as ¢ — ¢;. Also, we can show that dN/dk < 0.
Thus, N (t) monotonically increases to 3 as t — ;.

3) Constant acceleration: For this case, N(¢) is obtained as
_ 31— p??
T 23— 8p+6p> — p*)p>

where p = V,,(£)/V,,(tf). Using this expression, we can show that
dN/dp <0.Because p monotonically increases to 1 ast — £, (pos-
itive axial acceleration assumed), we conclude that N (¢) monoton-
ically decreases to 3.

4) Typical velocity profiles: Consider again the velocity profile
shown in Fig. 2. On the basis of the history of 7(¢), we observe that

a) For 1y <t < 1, (front part of boosting phase), Nymax (1) = n(r)
and N (1) = 1po» 50 that 3n < N < 3n°/n2, [property 5(1)].

b) For f; <t < #, (the rest of boosting phase), Nm.(#) = 1 and
Nmin(2) = Nyo- Hence, 3n* < N < 3n3/n? .

¢) For t,, <t <t; (coasting phase), . (t) =1 and 9y (1) =
n(1), so that 3n° < N < 37.

Optimum Launch-Angle Computation

The optimum launch angle, denoted as o, is the angle that gives
a straight-line flight path to the intercept point, which is, for con-
venience, referred to as the collision path. The computation of the
collision path of the missile provides an initial estimate of #,, as
well as the launch angle. The following development for the opti-
mum launch-angle computation is done in the same manner as in
the paper by Baba et al.

Let t,, ; denote the time to go determined from the collision path.
With the time of launch set to ¢ = 0, the geometry of the collision
path gives

too, L
[ / Vi (s) ds] Sinop = 40,1 V:(0) sin g, (0)

0

Igo,L S
+ / / a,,(v)dvds + Z(0) (22)
0 0
fgo.L

|:/ V., (s) ds:| COS Ty = lyo,1 V;(0) cos 0, (0)

0

fgo,l. ¥
+ f f a,, (v)dvds + X(0) 23
0 0

where a,, = (d/d#)(V, cos o,). These two equations can be numer-
ically solved to give f,, ; and 0. For example, for the constant-
velocity target, we obtain from Egs. (22) and (23)

fg0,L 2
[ / Vin () ds] =12,V
0

+ 2ty V; R(0) cos[a; — o' (0)] + R*(0) (24)

where we use the fact that the angle between the target velocity
vector and the target-to-missile range vector is m — [0, — o (0)].
Because o, does not appear in Eq. (24), we first solve this equation
for t4,,; and use Eq. (22) or (23) to obtain o;. A numerical zero-
finding algorithm such as the secant method or Newton’s method
can be used for solving Eq. (24). For an accelerating target, a similar
method is used to solve Eqs. (22) and (23). For practical reasons (it is
impossible to predict the future target acceleration profile), however,
a,, and a,, are taken to be constant for this case. The collision
path thus obtained is not exact, but has been shown in computer
simulations to be good enough for guidance-law implementation.

Computation of t,,

Because of launch error, the missile does not precisely fly along
the path determined by the initial collision path. Therefore, an on-
line computation of #y, is required to implement the OGL derived
in this paper. Once #, is determined, another required variable, ¢,
can be evaluated by using the given missile velocity profile. Recall
that the method frequently used for the computation of #y, is

R X

Vc‘ LOS ch

fgo ™ (25)
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where V. 105 is the closing velocity along the LOS and V,, is the
x-~axis component of V. os. However, this method is not adequate
for the case of time-varying missile velocity because Eq. (25) is
valid only under the assumption that V, is constant.

In the following, we suggest a more accurate method for on-
line computation of z,,. The method is based on the assumption
that the missile nullifies its heading error instantly to return to the
collision path. The computation of f,, is then equivalent to that
of the collision path at every instant. With the OGL, the missile
always tries to reduce the heading error. Hence, this is a sound
assumption, especially with a small initial heading error. Therefore,
the numerical method used for launch-angle computation also can
be used for determining #,,; for example, for a constant-velocity
target,

T+ too 2
[ / g Vi (s) dsi| = 12V + 21, V,R(t) cos[o; — o ()] + R*(1)
’ (26)

Note that this method is the same, in principle, as the one of Baba
et al.’ and that it consistently gives an underestimate of #,, when
the target acceleration is perfectly known and constant, because the
collision path is the shortest path from the current missile position
to the intercept point. Numerical results, as shown in the simulation
study, demonstrate excellent performance of the proposed method.

Implementation Aspects

To implement the OGL of Eq. (10), the missile requires the fol-
lowing: 1) an active radar seeker, 2) a target-tracking filter based
on radar measurements, 3) determination of flight-path angle (or
attitude and angle of attack), and 4) predicted missile velocity
profile.

In addition to the foregoing, information on the actual missile
longitudinal acceleration will be useful when on-line modification
of the given missile velocity profile is desired. A formal procedure
for guidance command generation is as follows:

1) Compute 4.

2) Compute ¢, (¢), G (£}, and ZEM.

3) Compute u, and u = u,/cosoy.

Note that the last double integral in ZEM [Eq. (13)] cannot be
performed in practice unless the future target acceleration history
is known beforehand. Therefore, as done in the optimum launch
angle and ¢, computations, the best we can do is to assume that the
target acceleration at the present time is maintained throughout the
engagement and to replace the double integral by %a,z tg{y Then, the
guidance law in this case becomes

u, = (N /)24t Ve + (tgo — to) Vi sinon + 32a.] @7

When we restrict ourselves to the case of constant-velocity target,
we may use the approximate relations for real-time implementation
of the guidance law expressed as

z = Ro, V,=2=Ro+Ré&

In this case, the guidance command can be expressed in terms of
seeker measurements:

u; = (N [2)[(R + Rig)o + Riy6 + (g — lgo) Vi sin o] (28)

In practice, t,, is updated every guidance cycle, and ¢, may vary
as ty, goes to 0. Other error sources also may produce variations in
the estimated value of ¢¢; therefore, a real-time computation of £, (s)
for ail s € [t, 7] and

ty
G(t):—/ z;(d)ds

is required.
Suppose that the guidance computer has a priori information of
Vi (¢) and

D,,,(t):/ Vi (s)ds

0

in table form. For a given ¢,
Dm(tf) - Dm(t)

L0 = s 9)
and
i 2 _ 2
6 = / [D,,,(q) 2Dy (t£) D () + Dy, (s)} ds
: V2(s)
or
G(t) = DL o(ts) — L)) — 2D ()1 (tp) — Li(D)]
+{L(ty) — L(1)] (30)
where Iy(t), I (t), and I,(¢) are defined as

_ [ _ [
I()(l)-—A V’%(s) ds, 11(1‘)——-/(; V’E(s) ds

Lo f O
= —Z——ds
: o V()

Hence, if the guidance computer has additional tables for Iy(z),
I1(t), and [(¢) in addition to V,,(¢) and D,,(¢), then the real-time
computation of guidance command is possible without integration
even for the case of varying ¢.

Simulation Results
In this simulation study, we assume no guidance system lag and
perfect knowledge of the missile velocity profile throughout the en-
gagement. We consider a surface-to-air missile engagement scenario
as follows: The missile has an initial velocity of 340 m/s, acceler-
ates for the first 2 s at the rate of 340 m/s?, and then decelerates
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Fig.3 Scenario 1: constant-velocity target.
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Fig. 5 Scenario 2 with the launch angle 15 deg off the optimum value
(maneuvering target).

according to V,, = —(1 /10)V,,. In scenario 1, the target flies in the
direction 135 deg away from the initial LOS with a constant velocity
of 340 m/s. In scenario 2, the target exerts a circular motion with an
acceleration. The initial range is 8 km and the initial LOS is taken
as the reference line.

Figure 3 illustrates the performance of two guidance laws for sce-
nario 1: aPNG law in the formof u = (3/120)(z+tg0v2) and the OGL
of Eq. (28) with a,, = 0. The computation of f,, is performed by us-
ing Eq. (25) for PNG and by the method suggested in this paper for
OGL, respectively. Two cases of the initial flight-path angle o,,(0)
are considered: case 1 uses the result of the optimum launch-angle

computation discussed in this paper, and case 2 takes the usual value
of V;sino,/ V,,(0). Figure 3 shows superior performance of OGL
over PNG for both cases. Figure 4 shows an excellent performance
of the £, computation method used for OGL.

In Fig. 5, OGL is also compared to APN, u = (3/t§0)(z + tpov, +
%tgzoa,z), and to the guidance law of Baba et al. (more specifically,
APXGL with N = 5inRef. 5 for scenario 2). For a fair comparison,
we have used the same #,, computation method of this paper for all
guidance laws. In this figure, we observe that guidance commands
of OGL and Baba’'s decrease to 0 as the missile approaches the
target, which is one of the most desirable properties of a guidance
system. On the other hand, the guidance command of APN becomes
larger in the end. In fact, the acceleration command generated by
OGL reduces to zero in all simulation runs as ¢ goes to t;, which
is, in fact, expected from Eq. (14). We note that the guidance law of
Baba et al.® often fails to yield this property when the guidance gain
is not large enough, for example, N = 3. The initial acceleration
command of OGL is found to be large in the simulation runs. This is
because OGL tries to minimize the overall control efforts, applying
larger acceleration commands when the missile velocity is lower.

The control efforts
Iy
/ [u(1)]* dt
0

computed for scenario 2 are 11,918 for OGL, 36,699 for APN, and
19,370 for Baba’s guidance law. Miss distances in all simulations
are nil because zero guidance system lag and unlimited missile ac-
celeration capability are assumed.

Concluding Remarks

In this paper, we have investigated an OGL for missiles with
time-varying velocity. The closed-form solution has been derived,
and properties of the key variables, including the time-varying time-
to-go and gain functions of the solution, have been studied. We have
also explored some issues in implementing the OGL, in particular,
the computational problem for the optimum launch angle (or the
collision path) and the integral of [z, (£)1. The overall guidance al-
gorithm developed is shown in computer simulations to outperform
the OGLs for constant missile velocity, i.e., proportional navigation
and augmented proportional navigation. The proposed guidance law
also shows a desirable property that the acceleration command—
under the assumption of no guidance system lag and perfect knowl-
edge of the necessary information—reduces to zero as ¢ approaches
1¢. Further studies are still to be done in areas such as analysis of per-
formance degradation attributable to missile velocity variations and,
if the longitudinal missile acceleration is available, on-line compen-
sation for the deviation of the actual missile velocity profile from
the stored (predicted) one. The tendency of large initial guidance
commands of the proposed guidance law is not desirable. Because
it might not be possible to realize large acceleration commands in
the early stage of the engagement, some research efforts are being
put to remedy the problem.
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